WEIL RESTRICTION OF p-ADIC ANALYTIC SPACES 

CHRISTIAN WAHLE 



Abstract. We study the functor of Weil restriction in the category of Ruber's 
adic spaces and in the category of Berkovich spaces. We prove criteria for the 
representabiUty of these functors in the respective categories. As an application 
of adic Weil restrictions, we prove that adic Neron models behave well with 
respect to tamely ramified base change. 



1. Introduction 

Weil restriction constitutes a fundamental tool in many different branches of 
geometry. For instance, the Deligne torus §, whose representations correspond to 
real hodge structures, is the Weil restriction of the complex torus to the reals. Weil 
restriction also defines the notion of a jet space, a central object in motivic integra- 
tion theory. And, finally, Weil restriction is an important technique in arithmetic 
algebraic geometry, as it helps to understand the base change of Neron models. 

Weil restriction is defined to be the adjoint of the base change functor. The 
most important question related to the functor of Weil restriction is, of course, the 
question of representabiUty of this functor. In algebraic geometry, Weil restrictions 
of varieties were first studied by its inventor A. Weil using Galois descent in the 
case where the base is a field (cf. [H]). A detailed and more general treatment of 
the representabiUty in the case of schemes can be found in [5], 7.6. The formal and 
rigid Weil restriction is discussed in ^ . 

In this paper, we study the functor of Weil restriction for Berkovich spaces and 
Ruber's adic spaces. In both cases we first prove the existence of Weil restriction 
of affinoid spaces of finite type with respect to a finite and free morphism of base 
change of rank n (cf. proposition 12.2.8) resp. proposition 13 . 1 .6| ) . We obtain these 
results by constructing the Weil restrictions of discs of relative dimension 1 (cf. 
proposition 1 2 . 2 . 5l resp . proposition 13. 1 .4| ) and by observing that Weil restriction is 
compatible with products and closed immersions. The Weil restriction of a disc is a 
(not necessarily quasi-compact) analytic domain in the analytification of the afHne 
n-space. 

In the non-afhnoid case we first show that the restrictions of the affinoid sub- 
domains can be glued together. Our main results, theorem 12.3.31 resp. theorems 
13.3.21 and I3.4.3[ provide sufficient criteria for the result of this glueing process to 
represent the functor of Weil restriction. Furthermore we can generalize the result 
of [3] on the representabiUty of rigid Weil restrictions using adic spaces (cf. theorem 
I2.4.2|) . We show that Weil restriction is compatible with adification of schemes and 
rigid spaces (cf. proposition 12 . 4 . 3| ) . 

As an application we use our results on the Weil restrictions of adic spaces in 
order to provide an adic analogue of the result of Edixhoven on the tamely ramified 
base change of Neron models (cf. [1], 4.2). Namely, given a smooth and separated 
adic space Xk over a discretely valued field K, coroUarv 12 . 5 . 61 states that, if there 
exists an adic Neron model X' after a tamely ramified field extension, then an adic 
Neron model over the base ring can be constructed by taking the adic closure of 
Xk in the Weil restriction of the Neron model X'. The main argument in the proof 
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of this result is the fact that this closure can be realized as the space of fixed points 
of a suitable Galois action on the Weil restriction of X' , and that this space of fixed 
points is smooth (cf. proposition 12 . 5 . 4| ) . 

2. Weil restriction of adic spaces 

2.1. Generalities about adic spaces. The standard references to Huber's theory 
of adic spaces are [H], [13] and [H]. An affinoid ring is a pair {A, A~^) consisting of 
an f-adic ring A and a ring of integral elements A+. A morphism of affinoid rings is 
a homomorphism of rings respecting the corresponding rings of integral elements. 
We will often write A instead of {A, A'^), whenever it is clear which ring of integral 
elements we want to use. An f-adic ring is a topological ring possessing an open 
subring Aq which, in the induced topology, is adicQ, with a finitely generated ideal 
of definition; such a subring is called a ring of definition. When we refer to an 
affinoid ring A we always assume that A is a strictly noetherian Tate-ring, or that 
A has a noetherian ring of definition; in both cases it is known that the presheaf of 
adic functions on Spa A is in fact a sheaf. 

If is a complete non-archimedean field (which we will always assume to be non- 
trivially valued), we regard K as an affinoid ring using the valuation ring R <Z K 
as a ring of integral elements. If A is an adic ring (not necessarily complete and 
separated) with finitely generated ideal of definition, we regard A as an affinoid 
ring, taking A itself as a ring of integral elements. 

Quotients of complete affinoid rings with respect to finitely generated ideals are 
again complete: 

Lemma 2.1.1. Let A be a complete and separated f-adic ring and let a d A be a 
finitely generated ideal. Then A/ a is complete and separated. 

Proof. We first observe that a sequence (c„)nGN in an f-adic ring is Cauchy iff the 
sequence (c„+i — c„)„gN tends to zero. 

Let Aq C A he a ring of definition and let / be an ideal of definition of A. 
Furthermore, let {A/a)o be a ring of definition of A/ a. We first assume that A 
is a strictly noetherian Tate-ring. By [R], 2.2.4, A has a countable system of 
neighborhoods of zero. Then [H], 2.2.14 implies that A/a is separated. If A has 
a noetherian ring of definition, [12], 2.3.33 (iii) yields the separatedness of A/ a in 
this case. 

Let {cn)neN be a Cauchy sequence A/a. Then the sequence {dn)n£N, defined by 

do := Co, d„ := c„ - c„_i for n > 1, 

tends to zero. Hence there is an integer uq > such that dn G {A/a)a holds for all 
n > uq. Let ao, . . . , a„„ e A be lifts of cq, . . . , c„(,. Then there exists an unbounded 
ascending sequence /^(i^), v > such that d^, g 7r(/'^^'^^) for all v > uq. Assume Cjy 
has already been lifted to for v > no, and choose a'^ S 7r~^((ij,+i)n/^^''+^^ . Then 
a,y+i := + a'^ is a lift of c^+i and {a'^,)^(zfi tends to zero. It follows that (flrOneN 
is Cauchy with limit a, and, by continuity, that 7r(a) is the limit of (c„)„gN. □ 

If A is an affinoid ring, a finite subset AI d A will be called a radius with values 
in A, if A-M is an open subset of A. Now, if (Mi, . . . , Md) is a finite system of radii 
Mi with values in A (also called a polyradius with values in A), we can consider the 
subring A(a;i, . . . ,Xd) Mi,....Md C ^[[a^i, ■ • ■ ,Xd\], consisting of all formal power-series 
X]i/GN<i '^y^'i ■ ■ ■ ^"d^ ■^ith coefficients in the f-adic completion A of A, such that for 
all neighborhoods C/ of G A there exists a i/' € N'' such that a^ G M^^ ■ ■ ■ M^'' ■ U 



By this we mean that the ring topology coincides with the o-adic topology for some ideal of 
definition a C Aq; we do not require Aq to be complete or separated. 
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for all 1^ G satisfying > This ring can be canonically endowed with the 
structure of a complete aflinoid ring, and it is universal in the category of complete 
affinoid A-algebras with continuous morphisms with respect to the property that 
rriiXi is contained in the ring of integral elements A{xi, . . . ,Xd)^,[^ f,,j^ (cf. jl4j . 
3.5). We will refer to affinoid A-algebras of this type as generalized Tate- algebras. 

For any scheme X locally of finite type over some base scheme Spec A, A an 
affinoid ring, we denote by X''^'^ the associated adic space over Spa A (cf. [13], 3.8). 

2.2. The affinoid case. Let us at first recall the formal definition of direct images 
of functors. 

Definition 2.2.1. Let C be a category and let h: S' — > 5 be a morphism such 
that fibred products with h always exist. Then the direct image of a contravariant 
functor F on Cs' , the category of S"-objects, is defined as 

h,F F{- X5S"). 

If F = Homs'(-,X') for some X' / S' , we wih write ^s'/si^') ■= KF. This functor 
is called the Weil restriction of X' with respect to h. 

If '^gi /s{X') is representable by an S'-object [H, we denote by 

d\xsS' — > X' 

the canonical morphism. It is immediate to see that direct images commute with 
base change and products (as long as all occurring fibred products exist). 

The category of Berkovich spaces admits fibred products. In the adic setting, 
since we always assume the morphism of base change h: S' — > 5' to be finite, the 
base change of any adic space X over S with respect to h also exists. 

In this section, let ip: A — > S be a finite, free morphism of rank n of complete 
affinoid rings. We set S' := SpaS and S := Spa^. Let iV be a radius with values 
in B. We will show that the Weil restriction of the relative disc Spa, B{x)n can be 
represented by an analytic subset of the analytic affine space (-^spec a)^"^- ^'^^ ^^'^ 
proof we need a generalization of lemma 1.6 in j^. 

Definition 2.2.2. Let (L, | • |) be a valued field with valuation ring L"*" and value 
group F. We define the spectral value (7^+ {p) of a monic polynomial 

p{z) = z" + ciz""i + . . . + c„ e L[z] 

with respect to to be 

CTi+(p) := max \c,\]^' e F 0z Q U {0}. 

2— l,...,n 

As in [4], 1.5.4/1 one shows that the spectral value satisfies the equation 

{pq) = max{(TL+ {p),aL+ {q)} 

for all monic p, q L[z]. 

Lemma 2.2.3. For any b G B let Xb{z) G A[z\ denote the characteristic polynomial 
of b over A. Then we have b G B^ if and only if Xb{z) G 

Proof. The "if" -part is clear, since our assumption on (p : A — > B being finite 
implies that B~^ is the integral closure of A'^ in B. 

Now assume b G B^, and furthermore assume that A is an afhnoid field. Since 
tp is finite, b is the root of a monic polynomial h G Let g be the minimal 

polynomial of b over A. Then 1 > cr^+(/i) > <Jji+{g) implies g G hence 
Xb{z) G A+[z]. 
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Now let A be an arbitrary affinoid ring, and let x G Spa, A. If k{x) denotes the 
residue field of Spa A at a;, we get a cocartesian diagram 

B (E)A Hx) ^ B 

•p' 

of affinoid rings, where ip' is finite and free, and where ^px is the composition of the 
canonical projection with the completion morphism 7: k{x) — > k{x). 

The characteristic polynomial Xb^i{z) G A;(a;)[2] equals the image of Xf,(z) under 
A[z\ — > A:(x)[z]. Since 

6 (g) 1 e ®A+ Hx)+ C (B <^A A:(a;))+, 

we can conclude X6®i G fc(a;)+[z]. Thus, it suffices to verify the following assertion: 

(*) For f £ A and x G Spa^ write fx := i^xif)- If fx G k{x) holds for all 
X £ Spa A, then f e A+ . 

Let / G A be such an element. It suffices to show that / G given \f\x < 1 
for all X G Spa^. Using [T3], 3.3 it is even sufficient to check that, whenever 
X G Cont A fulfills \b\x < 1 for all 6 G ^, then \b\x < 1 is true for all elements b in 
the integral closure of ^^[/] in A. 

But if 6 G j4 is the root of a polynomial 

then we must have \pi\x < 1 for alH = 1, . . . , n, and, hence, \b\ < 1. □ 

We now construct the adic space over SpaA representing 9^5//5(Spai?(x)jv). 
Let us at first choose a free system ei, . . . , e„ G i? of generators over A and write 
A'' = {ri, . . . ,rfc}. Let M C A°° be a finite and non-empty set of topologically 
nilpotent elements. For all integers A > we denote by Af(A) the set of A-fold 
products of elements in M . We define 

Ax := A{X, Fi, . . . , n>M(A), . . . , Af(A),{l}, . . . , {1} 
^ ^ ^ ^ ^ ^ 

n nk 

for systems X — (xi , . . . , x„) and Yi = (y^i , . . . , ?/m), i = 1, . . . , fc of indeterminates. 
For all 1 < i < fc let ci{riX), . . . , Cn{riX) G A[X] be the coefficients of the char- 
acteristic polynomial of r^ X]j=i ^j^j ^ ^[-'^1 and let In C A[X, Yi, . . . , Yk] be the 
ideal generated by 

yij-Cj{riX), i = l,...,k, j = l,...,n. 
For all A G N we put 

(2.2.1) Cx,N^ Ax/In- Ax. 

Lemma 2.2.4. The following assertions hold: 
(i) For all integers A' > A > there is a continuous morphism 

Pa, A' ■ Cx',N — > Cx.N 

of complete affinoid rings over A, such that p\ y, — Pxx'° P*\' A" /"'^ 
integers A" > A' > A > 0. 
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(ii) The induced morphism 

Pa, A' : Spa,Cx,N — > SpaCA',Ar 

is an open immersion satisfying Pa,A" — P\' ,\" ° Pa. A' for all integers X" > 
A' > A > 0. 

Proof. The assertion follows right from the universal property of generalized Tate 
algebras and from the fact that we can identify Spa Cx.n via pa,a' with the rational 
domain 

Uy = {y e SpaCA',jv; \''T^{'^\'{xi))\y < l for all m G M(A), I < i < n} 

in SpaCA'^Af. □ 

Now we can prove our first representability result. 

Proposition 2.2.5. The Weil restriction ^spaB/SpaA(^^B n) ^•^ representable by 
the adic space 

^SpaB/SpaA(BkAr) = hni SpaCA.Af, 

AeN 

obtained by glueing the Spa C\,n, A G N. 
Proof. Let A S N. We define 

B{x)n — > Cx.n «)a B 

by setting ^a(^) — ^j^j- This yields a well-defined continuous morphism of 

complete afRnoid rings, if 

n 

n ■ ^ XjCj £ {Cx.n <^a B)+ 

j=i 

holds for all z = 1, . . . , fc. But the latter is true, namely by construction of the Cx,n 
and by lemma [^.2.31 

Now we can glue the Spa B-morphisms '^x ■= Spa(\E'^), A £ N to obtain an 
Spa S-morphism 

^-i lunSpaCA^AT XspaASpaS — >Mg^^. 
\xevi ) 
We show that this morphism defines a bijection 

9: Homspa A liiq SpaCA.Af) — > HomspaB(2' XspaA SpaS,!^,^), 
AeN 

a I — > ^ o (a X id), 

for any adic space Z over Spa A. We may assume Z = Spa_D, where D a complete 
affinoid ring. Furthermore, since tp : A — s- B is finite, the fibered product Z x 5 5" 
exists and is affinoid, with ring of global sections D ®a B. 

Now consider fli, a2 G HomspaA(-^; ^^™acpj ^^-^^ such that 8(ai) = 6(02). As Z 
is quasi-compact, there is some A € N such that ai und 02 factor through SpaCA.Ar 
and 'i'x o (fli x id) = 'I'a ° {0.2 x id). Let a\ (resp. al^) denote the continuous 
morphisms of affinoid rings associated to ai (resp. 02). Then 

n n 

^ al{xj)ej = [al ® id)(^ XjC^) 
j=i j=i 

= (*Ao(ai Xid))*(a:) 

- (*Ao(a2 xid))*(a:) 

n 

= ^a;(xj)ej. 
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hence ai = a2- 

Now consider an Spa B-morphism r: Z XspaA SpaS — > ^ and denote the 
associated continuous morphism of complete affinoid rings by t* . We write 

n 

T*{x)^^ajej, ai, . . . ,a„ e £>. 

Now, since M consists of a finite number of topologically nilpotents, there exists a 
Ao e N such that ni ■ aj e Z?^ for all j = 1, . . . , n and all m € M(A), A > Ao- From 

n 

Ti ajCj e {D ®A B)^ for alH = 1, . . . , fc 
j=i 

we can conclude, using lemma l2.2!3l that all coefficients ci(rir* (a;)), . . . ,c„(rir*(x)) G 
D of the characteristic polynomial '^j^i ^ ^ are in fact contained in 

for alH = 1, . . . , A:. Hence, for all A > Aq there exists an A-morphism 

satisfying 'ip\{xj) = aj and i^xijjij) — cj (riT* {x)) for alH = 1, . . . , fc, j = 1, . . . , n. 
This morphism factors as 




D 



and finally r* = (a* (g) id) o . □ 

The construction suggests that, in general, the Weil restriction of a unit disc 
might in general not be quasi-compact. Indeed, the following example shows that 
such a situation can already occur in the rigid, and therefore also in the adic setting, 
if we study the Weil restriction with respect to a finite field extension K' /K. Note 
that, due to the fact that Weil restriction is compatible with products, it follows 
immediately that 'tR^' /k(^k) is quasi-compact given K' / K is separable. 

Example 2.2.6. Put K := Fp(a;), K' K{^) = K[t\/{tP - x). We consider 
the non-archimedean valuation | • | on /C, which satisfies \f /g\ = r'^<=s/-dcgg^ where 
< r < 1. Then K' ®k K' = K'[y\/{y - t)P. For any integer fc > 0, let bk be 
the image of x~''{y ~ t) in K' ®k K' . Then all bk are nilpotent, i.e. |6fc|sup = 0. 
However, |a:~'^|sup ^ oo, hence the Weil restriction of B^, with respect to K' / K 
cannot be quasi-compact. 

The compatibility of the Weil restriction functor with products implies the rep- 
resentability of the Weil restriction of higher dimensional discs: 

Proposition 2.2.7. Let N — {Ni, . . . , Nd) be a polyradius with values in B, d> 1. 
Then the Weil restriction of 

^B.N = SpaS(a;i, . . . ,Xd)Nt,...,Na 

exists and 

d 

5^SpaS/SpaA(BB,Jv) = ^^Spa B/Spa A (Bs.Af, ) 

= lim Spa (S?) Cx.N,- 
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We now prove the representability of d\s'/s{X') where X' is an afhnoid adic 
space of finite type over 5", which means that there exists a quotient morphism 

(2.2.2) ti:B{X)n — >D 

of complete affinoid rings, where X' — SpaZ), X — [xi, . . . ,Xd) and where N = 
{Ni, . . . , Nd) is a polyradius with values in B. 

Proposition 2.2.8. The Weil restriction d\s' /si^') of an affinoid adic space X' = 
SpaZ? is an adic space, locally of finite type over S. 

Proof. We may assume that D is complete and we fix an A-basis ei, . . . , e„ of i?. 

Let a be the kernel of the above quotient morphism tt. We put i?A,Af '■— ®k=i^>^,Nk 
for every A G N. (For the definition of the Ca,7v cf. ()2.2.1|) .) We denote the first n 
coordinate functions of C\^Nk by 'xki, ■ ■ ■ , Xkn- For all fc = 1, . . . , d and all A G N 
we have the canonical morphism Cfc : C\,n^. — > E\^i^. From the representability of 
the Weil restriction of polydiscs we obtain a canonical continuous _B-morphism 

^l:B{X)N^Ex^N(it,AB, AeN 

of complete affinoid rings, given by 

n 

'^\{xk) = y^q-fc(^)ej, fc = l,...,d. 

Now let {fi)i£i be a generating system of a. For all i e / and all A > we can 
write 

n 

i=i 

Let be the ideal in Ex^n generated by the functions fnx, . . . , fmx, i £ I. (We 
will refer to this as the ideal of coefficients of ax in Ex,n-) 

We now prove that the ideal o™ defines the adic space representing the Weil 
restriction of X'. Let Z be an affinoid adic space over Spa^ and let A S N. 
Consider an A-morphism a* : Ex,n — > Oz{Z). Since a™ is contained in the kernel 
of a* if and only if ax is contained in the kernel of (a* id) o ^P^, we obtain a 
commutative diagram 

Hom^r' {eZ^T, Oz{Z)) ^ Hom^B°"* {D, Oz{Z) ®a B) 



Hom^C"* {Ex,N,Oz{Z)) Homg""* {B{X)n, Oz{Z) ®a B). 

Now let a: Z — > lim^^j^ Spa (i?A,Af/flA°) be an Spa ^-morphism. Then there exists 

a A e N such that a factors through SpaiJ^.w/a™. Let a*: Ex^N/af — > Oz{Z) 
denote the associated continuous A-morphism of complete affinoid rings. Then 
px{a*) yields an Spa _B-morphism Z XgpaA SpaS — > Spa 13, hence we have a map 

9: HomspaA(.Z', limSpa(£;A,w/a™)) ^ HomspaB(^ XspaA SpaS, SpaL*). 

AeN 

But now, using the quasi-compactness of affinoid adic spaces, the representability of 
the Weil restriction of polydiscs and the commuting diagram above, one can easily 
check that 8 is bijective. □ 

For d = the previous proposition shows that the restriction of a closed subspace 
y C 5' is a closed subspace in S. But the same holds for open subspaces V <Z S' . 
Namely, since finite morphisms of adic spaces are closed, we have the equation 

^s'/s{V) = S\h{S'\V). 
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Hence, by the same functorial argument as in 7.6/2 we find that the formation 
of direct images of presheaves respects closed and open immersions. 
We summarize what we have explained in the following lemma. 

Lemma 2.2.9. Let X' be an adic space over S' such that the Weil restriction 
/g{X') exists as an adic space over S and let U' ^ X' be an open immersion. 
Then ^Xgr /s{U') can be represented as an open subspace of /s{X') . The canon- 
ical morphism "^fiji associated to the Weil restriction of U' is the restriction of the 
canonical morphism associated to the Weil restriction of X' . 

Proof. We may write 

(*) ms'/s{U') = ^s'/siU') ^ms,,six') T - 9^t'/t(C/' ^x' T'), 

with T := y\s'/s{X') and T' := TxgS'. The morphism 

^s'/s{U') X5 S' — . ms-/s{X') xs S' X' 

allows us to view ^s'/s{U') as an X'-objcct. From (*) it follows that 

Psiu' : y\s'/s{U') xsS'^ ^y^s'/siU') xt T' U' 

is even an X'-morphism. This in turn means ^fiji ~ '^X'\mg,^g{U')xsS'- I— ' 

2.3. A criterion for the global case. In the following let X' be an adic space 
locally of finite type over S'. We consider the system {Ul)i^i of all open affinoid 
subspaces of X' . Since Weil restriction respects open immersions, we can now con- 
struct an adic space 9^, locally of finite type over 5", together with an S"-morphism 
9{xs S' — > X', by glueing the Weil restrictions 9\s'/s{Ul), i £ I with respect 
to the canonical glueing data. However, similar to the case of (formal) schemes or 
rigid spaces, this space 9\ will not always represent the Weil restriction of X'. 

In this section we provide a sufficient condition for *H to represent the Weil 
restriction of X'. 

Definition 2.3.1. (i) An adic space X has property (P) if any finite subset 
/ C A is contained in an open affinoid U d X. 
(ii) Let A be a complete non-archimedean field. A rigid A-space A has property 
(PAd) if for any finite subset / in the associated adic space A^*^ there exists 
an open affinoid subspace U C X such that / C C/^^. 

We see that if A is a rigid A-space, which does not have property (PAd), its 
associated adic space A'^^ might still satisfy property (P). 

Before we give the proof of our main theorem on the Weil restriction of adic 
spaces, we need a technical lemma. 

Lemma 2.3.2. Let X' be an adic space over S' and let U' C A' an open subspace. 

If 'y{gi /g{X') is an adic space over S and a: Z *■ /g(X') an S-morphism, 

such that the S' -morphism a': Z Xg S' > X' corresponding to a factors through 

U' , then a factors through ^Kgi /g{U'). 

Proof. Assume a' factors through U' . Then there is an S-morphism 

b: Z ^d\g,,s{U') 

with '^iji o (6 X ids') = where we have seen in lemma [2.2.91 that the canonical 
morphism ^iji is the restriction of to '^gi/g{U') Xg S' . Thus we have 

'^x' o (b X ids') = a' = 'fx' o (a x ids'). 

Now the representability of ^gi /g(X') implies a — b. In particular, the image of a 
is contained in lHs//s([/'). □ 
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Theorem 2.3.3. Let h: S' — > S be a finite free morphism of affinoid adic spaces 
and let X' be an adic space locally of finite type over S' satisfying property (P). 
Then the Weil restriction ^Ks' /si^') exists as an adic space over S and Dls' /si^') 
is locally of finite type over S. 

Proof. We have to prove that the adic space D\ we constructed above represents 
the Weil restriction 9\s' /s{^')- Let Z be an affinoid adic space over S and put 
Z' = Z X s S' . We consider S'-morphisms ai, 02 : Z — > 9^ satisfying the equation 

o (ai X id) = o (02 X id). 

Now let X £ Z. We set / p~^{x), where p denotes the canonical projection 
p: Z' — !• Z. By 3.12.20 the set / is finite. Hence, by assumption on X\ there 
exists an open affinoid neighborhood [/' C X' of the set 1 :— ^ o {a\ x id)(/) = 
o (a2 X id)(/), and V" := {"^ o (ai x id))"i(C/') C Z' is an open neighborhood of 
/. It follows that 

xemz^sS'/ziU") = Z\piZ'\U") ^-.v, 

and Vx is open in Z. The restrictions a'l := ^' o (ai x id)|\4xsS' (and, hence, 
a'2 'i' o [02 X id)|v^ xsS') factor through U' C X'. Once we can show that 
now both ai\v^ and 02 factor through 9ls//s([/') we can conclude from the 
representabihty of ^Rs,/g{U') that ai\v^ = a2\v^ holds. Let v G Vx- We consider 
the morphism 

ai^y : Spak{v) — > Vx — » 9^. 
Let W C X' be an open affinoid subspace, which has the property that ^igi /g{W') C 
is an open neighborhood of the image of u G SpaA:(w) under ai,y. The points of 
Spak{v) are generalizations of v. It follows, that ai,y factors through 9\s' /si^')- 
But then, by definition of Vt, we have 

^ o {ai^y X ids') = o (ai,t. x ids')- 

Since the projections 

Pi, : Spa k{v) x 5 S' — > Spa k {v) 

are finite, we can use [12], 3.12.20 and [IS], 1.3.4 in order to conclude that p^ 
is specializing. In particular, every point of Spa.k{v) X5 S" is a generalization of 
a point in p~^{v). Now v G Vx implies that the image of '^w' ° {ai,v x ids') is 
contained in U' n W. Since W' is affinoid, lemma [^.3.21 shows that the image of 
ai,v is already contained in yig:^s{U' n W) C ^s'/s{U')- Thus ai = 02. 

Now let a' : Z' — > X' be an S"-morphism and let x £ Z. We put / := a!{p^^{x)). 
Choose an open affinoid neighborhood U'^ C X' of /. Then T4 Xs 5' C (a')^^(J7^), 
where Vx '■— yiz'/ziic-')~^iU!^)). Thus a' restricts to an S"-morphism Vx xg S' — > 
U'x, which in turn corresponds in a unique way to an iS-morphism Ox'- Vx — > 
yigi/g{U!^) C fH. Now it is straighforward to check that the Ox, x varying over Z, 
glue to an S"- morphism a: Z — > $H satisfying o (a x id) = a'. □ 

For later use we want to prove that property (P) is stable under taking Weil 
restriction. 

Proposition 2.3.4. Let X' be an adic space, locally of finite type over S' . Lf X' 
satisfies property (P), then "iKgi /g{X') satisfies property (P). 

Proof. From the local construction we see that it suffices to reduce to the case where 
X' is affinoid. Let / C ^is' /s{^') be a finite set of points and let / = p^^(/), where 
nowp: 'tRgt /s{X') XsS' — > ^si/g{X') is the projection onto the first factor. Since 
/ is finite, we find an open affinoid subspace U' C X' containing 'i>x'{I) C X'. 
Then we have / C ^E"^} ([/'), and it suffices to show that / is already contained in 
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^S' /s{U')'x s S' ■ But again, using lemma E.3.2l and the fact that p is speciaUzing (cf. 
the argument in the previous theorem), it foUows that p~^{x) is already contained 
in yis' /s{U') X5 S" for all x G /, which settles the proof. □ 

2.4. Relation to algebraic and rigid geometry. In this subsection we discuss 
the compatibility of Weil restriction with respect to analytification, completion and 
adification. 

At first we should point out that the functor t, which associates to every locally 
noetherian formal scheme an adic space, does not commute with Weil restriction. 
The reason is that the Weil restriction of an afhnoid adic space of finite type does 
not need to be quasi-compact, whereas the Weil restriction of an afhne locally 
noetherian formal scheme of topologically finite type is always quasi-compact. 

Now let if be a complete, non-archimedean valued field, let R :— {x G K; \x\ < 
1} be the valuation ring of K with residue field k. We want to prove that property 
(PAd) is a sufficient condition for the representability of Weil restriction of rigid- 
analytic ii'-spaces. First we check that property (PAd) is local on the base. 

Lemma 2.4.1. Let Yk he a quasi-affinoid rigid K-space. Then Yk has property 
(PAd). 

Proof. The rigid space Yk is by definition quasi-compact and there exists an admis- 
sible formal i?-scheme X = Spf A with generic fibre Xk = Sp , such that Yk C 
Xk is an admissible open. Then there exists an admissible blow-up ttj^ : X^ — > X, 
such that Xj[ contains an open formal subscheme Y, which is an admissible i?-model 
of Yk. Let / C Y^"^ be a finite set of points. Then Y^'^ C t{Y) and we denote 
the image of / under the canonical morphism Try : t{Y) — > Y of topologically and 
locally ringed spaces by /'. Since for any open formal subscheme U CY the equa- 
tion tTy^{U) = t{U) holds, it suffices to see that there exists an open affine formal 
subscheme U ClY such that /' C U . But the latter is clear, since the special fibre 
Yfe of Y is quasi-projective over A^. □ 

We can now use lemma 12.4. II in order to show that (PAd) is local on S. Let 
X be a rigid X-space over a rigid if-space S and let U G S be an open affinoid 
subspace. Assume X has property (PAd) and put Xjj :— X XsU. Let I C {Xu)'^ 
be a finite set of points. Then there exists an open affinoid subspace V C X such 
that / C V'^'^. By shrinking W we may assume that W := VOXu is quasi-affinoid. 
Lemma . 4 . 1 1 vields the existence of an open affinoid subspace W C W, such that 
/ c (T^')'''*- 

Theorem 2.4.2. Let h: S' — > S be a finite and locally free morphism of rigid 
K -spaces and let X' be a rigid K-space over S' . If X' satisfies property (PAd), the 
Weil restriction 'iRsi/g{X') is a rigid K-space over S. 

Proof. Let 6 be an admissible open covering of S, such that for all y G 6 the 
preimage h~^(V) is A'-affinoid and such that the induced homomorphism of K- 
affinoid algebras Os{V) — > Os'{h~^{V)) is finite and free. Let T be an affinoid 
if-space over S,T' ■.= Txg S' , V' : T' — > X' an S"-morphism and il the covering of 
X' consisting of all affinoid subspaces of X' Xs V, where V varies over 6. We want 
to use [H], 1. 14. Thus we have to show that {^t' /T{i'~^{U)))ueiS is an admissible 
covering of T, because then the pull-back of this covering to T' is a refinement of 
ip*!d. 

As we have seen, we may assume that both S' and S are affinoid, such that 
Os'{S') is finite free over OsiS). The sets 9^t'/t(V'"^(C^)) C T, [/ G il are ad- 
missible opens. By [T^, 3.4.17 we can check the admissiblity of a covering of T 
by admissible opens by verifying that the associated adic open subspaces cover the 
adification T^'i of T. 
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Let X g T^'^. The morphism p'^'^ : {T'Y'^ — > T^^ is finite, hence C {X'f^ 

is finite, where we have set / :— {p^'^)^^{x) C [T'Y'^ . Now we choose a geometric 
open affinoid U C [X'Y'^, i.e. there exists and open affinoid subspace U' C X' 
such that U = {U'Y'^ and C U. We put V := /tH^^HU')) =T\p{T' \ 

tjj~^{U')), where V is admissible open in T. 

Consider the commutative diagram of ringed sites 

i/'C ^ T 

p' P 

where we have set U' := ip^^U') and U {U')""^ = {tp'''^)-^{U). Then, since p is 
finite, we find 

But now a; G T'^'^ is a point, whose p'^^-fibre / is contained in (?/''*^)~^(C/). This 
implies x E D\t' /t{'^J^^{U'))'^'^, and hence we finished the proof. □ 

The previous theorem is a generalization of Bertapelle's result, since we do not 
require the existence of a formal i?- model of the rigid space X'. 

Finally we prove the compatibility of Weil restriction with the functor of adifi- 
cation of locally finite type schemes. (For the notion of this functor cf. [H], 3.8.) 
In the following proposition let F denote the forgetful functor from the category of 
adic spaces into the category of locally ringed spaces. 

Proposition 2.4.3. Let X' be a scheme, locally of finite type over S' and let 

h : S' > S be a finite and locally free morphism of schemes. Furthermore let T be 

an adic space and let g: F{T) > S be a morphism of locally ringed spaces. We put 

T' = T X s S' . If X' has property (P) for schemes (cf. [5], 7.6), the Weil restriction 
y^T' /t{X' X 5/ T') exists in the category of adic spaces over T and coincides with 
dKs' /s{^') ^sTj the adic space associated to d\s' /s{^') ■ 

Proof. We may assume that S and, hence, S' are affine and that T is affinoid. Since 
h is finite, so is h' : T' — > T. We first treat the case where X' is affine. 
Let Z — > T be a morphism of affinoid adic spaces. A T'-morphism 

Z xtT' — > X' xs' T' 

is uniquely determined by an >S"-morphism 

F{ZxsS') — >X' 

of locally ringed spaces. Since the global sections oi Z xg S' coincide with the ordi- 
nary tensor product Oz{Z) ®Os(S) ^S'{S') and since X' is affine, such a morphism 
defines an 5'-morphism 

SpecC'z(Z) xsS' — >X' 

of schemes in a unique way. This morphism induces uniquely an 5-morphism 

SpecOz{Z)^ms'/s{X'), 

hence an S'-morphism F{Z) — > Dig' /s{^') of locally ringed spaces, since /s{X') 
is affine. This again induces by [TJ, 3.8 a T-morphism 

Z^y\g,/g{X') XgT 

of adic spaces. 
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If X' is not affine, consider the open covering of {X^)i^j of X' by all open afRne 
subschemes X^ C X' . Again let Z be an affinoid T-space an let 

a': Z XtT' — > X' Xg' T' 

be a T'-morphisni of adic spaces. Then {X[ Xgi T')i^i is an open covering of 
X' xs' T' and we put U[ {a')-^{X[ xg' T') and U^ := ^zxtT' /z{U'i) for all 
i G I. Using lemma [^.2.91 we obtain that Ui C Z is open for all i G I. Let z G Z 
and let p: Z XtT' — > Z be the projection. Then {Ui)i(zj is an open covering of Z 
and for all i € / the restriction a'^ of a' to Ui x^T' factors through X[ Xgr T'. The 
affine case yields T-morphisms 

corresponding to the restrictions a'^. Now it is immediate to see that these mor- 
phisms glue to a T-morphism a : Z — > /s{X') X5 T which then is the unique 
T-morphism satisfying ^f'o (a x id^') = a', where 4'' is the adification of the canon- 
ical morphism : ms'/s{X') Xs S' — > X'. □ 

2.5. Tame base change of adic Neron models. We now want to apply our 
results on the Weil restriction of adic spaces in order to study the base change of 
adic Neron models. Let i? be a complete discrete valuation ring with fraction field 
K, uniformizer tt and residue field k. 

Definition 2.5.1. Let Xk be a smooth and separated adic space over SpaK. 
An adic Neron model of Xk is a smooth and separated adic space Y over Spai?, 
together with an open immersion r: Yk ^ Xk, such that 

HomspaflX^, y) — > Homspa/f (^K, ATk) 
a I — > r o (a X idspaif) 
is bijective for every smooth adic space Z over Spai?. 

For example, the adification G^'^ of the 1ft Neron model G of a split torus G^^ ^ 
is an adic Neron model of {G.^^^kT'^ (cf. [H], 4.L4). 

Let K' /K be a finite Galois extension with group G, and let R' / R denote the 
corresponding extension of the respective discrete valuation rings. Since G acts on 
K' via isometrics, we obtain a G-action on Spai?', and the morphism Spai?' — > 
Spai? is equivariant with the trivial action on Spai?. Let Xx be a smooth adic 
space over Spa if and let Xj^i be an adic Neron model of Xk' = Xk xgpax SpaiC'. 
The group G acts from the right on Xk', and the morphism Xk' — > SpaiC' is 
G-equi variant. By the universal property of the adic Neron model Xj^i, this action 
extends to an action on X^i, where X^i — > Spai?' is equivariant. 

We can now define a right action of G on ^spaR' /Spa_R(-'^fl")i similarly as in [5], 
2.4. Namely, for any g G G and any T- valued point p G ^Spa_R7Spa/j(^-R')(^)i we 
define the g-translation to be 

(2.5.1) p.g := Tx^,{g)opo (idr xrspai?/ 

where rspafl'(ff) and rjf^, (g) denote the g-translations on Spai?' resp. Xri . 
The functor of fixed points 

T ^ HomSpai?(T, ^Kspafl'/Spai?(^fl'))'^ 

for the action of G on SHspa/j'/Spai? (Ai{'), where we always want to assume that 
Afl' satisfies property (P), can be represented by an adic space over Spai?. We 
now examine the smoothness of this space of fixed points. 

Let A be a local noetherian ring with maximal ideal m and let i? — > A be a 
local homomorphism of rings. We denote the m-adic completion of A by A. Let G 
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be a finite group acting from the left on A via continuous translations defined over 
R. There are two functors of fixed points associated to A, namely 

(2.5.2) Fa: (i?-algebras) — > (Sets) 

C I — > Ilomii{A,Cf 

and 

(2.5.3) Fa '■ (adic complete i?-algebras) — > (Sets) 

C <^ Hom5j°"'(l,C)'=^. 

Using the continuity of the action of G on A, it is straightforward to show that the 
following lemma holds: 

Lemma 2.5.2. If F is representable by an R-algebra A^ (which is a quotient of 
A), then F' is represented by the m-adic completion A'^ of A^ . 

Lemma 2.5.3. Let A be an affinoid ring, which is the completion of an affinoid 
ring B. We denote the canonical morphism by t: B — > A. Let p d A be an 
open prime ideal and put q := r~^(p). Then the max-adic completions Ap und B^ 
coincide. 

Proof. Let a be an element in A and let (6n)n6N be a series in B converging towards 
a. For every iV e N, there exists an integer no > satisfying t(6„(,) — a € p^"*"^, 
hence r(6„J + p^+i = a + p^+^. It follows that tn : S/q^+i — > A/p^+^ is a 
bijection. Hence 

Bjq^+'B, = {B/q^+')^={A/p^+%^A,/p^+'A, 

for all iV e N, which implies = . □ 

Proposition 2.5.4. Let X be an adic space, which is smooth and separated over 
Spai? and which has property (P). Let G be a finite group acting on X, such that 
X — *■ Spai? is equivariant with the trivial action on Spai?. Let n :~ \G\ be prime 
to charfc and assume that the generic fibre {X'~^)k of the space of fixed points is 
smooth over Spai^. Then X'~^ is smooth over Spai?. 

Proof. The strategy as follows: At first we show that the max-adic completions 
Oxo^x in ci^ny non-analytic point x £ X^ is formally smooth and, hence, flat over 
R. Since X^ is locally of finite type over Spai?, it follows that all analytic points 
of X'^ are contained in the generic fibre SpaisT. This yields the Spa i?-flatness of 
X^. Then we verify that the special fibre of X'^ is smooth over Spafc. Now, using 
the Jacobi criterion for smoothness of adic spaces ([iSj, 1.6.9) and the fact that 
the Spa i?-flatness of and affinoid adic space implies the i?-flatness of its affinoid 
ring of functions, it is immediate to see that, in our situation, the fibre criterion for 
smoothness of adic spaces over Spa i? holds. Hence, our claim is justified. 

Now let a; be a non-analytic point of X'^. As we assumed X to be smooth 
over Spai?, jT^, (1.7.7), lemma [^.5.31 and |TT], 17.5.3 yield the formal smoothness 
of Spf Ox.x over Spf R. Since x is G-invariant, there is a canonical G-action on 
Spf Ox,x ■ Consider the cartesian square 

Z ^SpfO^ 



SpfOxx ^Spfi? 

of formal schemes, where G acts on the first factor of Z. Formal smoothness 
commutes with base change. Hence r is formally smooth. By [T^], 3.6.7 (iii). 
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the ring Ox,x is noetherian. We denote the point in Spf Ox.x corresponding to 
the maximal ideal by s. Let 2 G Z be the image of s under the diagonal. Then 
k(z) — k{s). The local ring Oz.z is formally smooth over Ox.x and z is fixed under 
the G-action on Z. This yields a G-action on Oz,z- We now consider the functors 
Fq — resp. -Fj5~~ (cf. ()2.5.2p ). and we denote the representing i?-algebras by Oz,z 

'\ -G G G 

resp. Ox.x ■ If we now endow O^^z a.ndOx.x with the quotient topology (which 

-~-G G 

is complete and Hausdorff), it follows that Oz,z and Ox,x represent the functors 
F'- — resp. Fl (cf. (^33]) ). By definition of the G-action on Z we find 

Oz,z Ox,x 

(P^zf - iP^xf®RP^x- 

By faithfully flat descent it now suffices to see that {Oz,z)'^ is formally smooth over 
(cf. dS], 4.6.4). 
As k{s) = k{z), [in], 0.19.6.4 yields 

o^0g2r/c(s) = /c(s)[[ri,...,Tj]. 

Using [in], 0.19.7.1.5 and the flatness of (cf. [10], 0.19.7.1), this isomorphism 

lifts to an isomorphism B := Oz,z = ^[[^i, • ■ • , Td]], where we have set A := Ox,x- 
By our assumption on n being prime to to char fc, we are in the setting of the proof 
of [5, 3.4. There it is shown that B'~^ is formally smooth over A. Hence {Ox.x)'~^ 
is formally smooth over R. So in order to obtain the formal smoothness of at 
X it suffices to show that {Ox.x)'^ — Oxg^x holds. 
By lemma HXl 

Homr' iioZcf, C) - Homr* {O^x, Cf - Homr* (51;, G) 

holds for every complete afBnoid ring G over R, hence {Ox.x)^ = O^x- But the 
G-action on Ox.x is induced by the G-action on X. Thus Ox x — ^x'^,x and the 
formal smoothness of Ox^^x follows. In particular, by [lU], 0.19.7.1, X'^ is flat over 
Spai?. 

It remains to show that the special fibre {X^)k of X'^ is smooth over Spafe. 
The space of fixed points X'-^ is adic over Spai?, hence the special fibre of X'^ 
consists of non-analytic points only. Let x e X'^. Since X has property (P), we 
may assume that X is affinoid, say X = Spa A for a complete affinoid ring A. Then 
Ak is a discretely topologized affinoid ring, whose f-adic part A^. is algebraically 
smooth over R (cf. [H], 1.6.6 (i)). By Edixhoven's resuhs, (SpecA^)'^ is smooth 
over k. If we now denote the global sections of (SpecA^.)'^ by G, and define G"*" to 
be the integral closure of A^ in G, it is easy to check (using again [TS], 1.6.6 (i)), 
that SpaG represents (SpaA^)*^ and that SpaG is smooth over Spafc. □ 

Let / : X — > Y be an immersion of adic spaces. A closed immersion i : X — > Y 
is called the adic closure of /, if / factors through i and if i is minimal with this 
property. 

In the following theorem we compare the adic closure H of Xk in /RiXni) 
to the space of fixed points 9^H'/fl,(Xfl;/). 

Theorem 2.5.5. Let K' / K be Galois with group G, such that [\G\,p) = 1, where p 
is the residue characteristic. Let X^i he an adic Neron model of Xk' with property 
(P). Then the adic closure H of Xk in ^fj/ /fi{Xiii) is the adic Neron model of 
Xk. 
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Proof. At first let us note that the adic closure exists (cf. [TC], 4.4). The space 
of fixed points /R{Xji')'-^ is a closed subspace of Viii' /r{Xri). The canonical 
morphism Xk — > '^k' /k{Xk') is equivariant with the G-action on /k{Xk') 
and the trivial action on Xk- Hence Xk C /r{Xr')^ . From the definition of 
H it follows that H c /r{Xri )^ is a closed subspace. 

Since the G-action of Xr' restricts to the canonical G-action of Xk' and since 
(in contrast to the formal-rigid setting) Weil restriction commutes with fibres, the 
equation 

i^R' /RiXR/)^)K = '^K' /k{Xk')'^ 

holds. 

We now want to verify ^^k' /k{Xk')'^ = Xk- Let Tk be an adic space over K. 
Consider the canonical morphisms 

^k'/k{Xk') X 

Spa K 

SpaJC' — > Xk' 

and 

a: Xk — > ^k'/k{Xk')- 
Since o [a x idspa/f') = idx^^, , an Spa if -morphism Tk — > Xk yields, by defini- 
tion of the G-action on D\k' /k{Xk'), a G-invariant morphism Tk — > '^k' /k{Xk') 
of adic spaces over Spa-ftT, by composition with a. There exists a commutative di- 
agram 

n0UlK{TK,XK) ^Ro^K{TK.'yKK'/K{XK'))° 



Hom^f,(TK',XK')^, 

where the diagonal map is defined by a i— s- a x idK' - The bijection on the right hand 
side is induced by 4". Hence, according to the definition of the G-action on Weil 
restrictions (|2.5.ip , it suffices to show that any Spa i^T'-morphism a' : Tk' — * Xk' 
descends to an Spa A'- morphism a : Tk — > Xk , as soon as the diagram 



(2.5.4) 



Tk' 



Xk' 



id XI 



id X7 



Xk' 



Tk'- 

commutes for all g ^ G- Here Tg denotes the g-translation on SpaK'. We now 
reduce to the affinoid case. 

By assumption, Xr/ has property (P). From proposition 12.3.41 we can conclude 



that ^K' /k{Xk') has property (P), too. The morphism a: Xk 



K'/K 



{Xk') 



is a closed immersion. Hence Xk has property (P). Wc consider the projections 
p : Tk' — > Tk and q : Xk' — > Xk- For any point x e Tk it follows from the finite- 
ness of p that there exists an open affinoid neighborhood Uk C Xk of g(a'(p~"'^(a;))). 
Then Uk' '-= Uk XspaK Spa if ' is an open affinoid neighborhood of a'{p~^{x)) and 

Vk ■-=TK\p{TK'\{aT\UK')) 

is an open neighborhood of x in Tk- We choose an open affinoid neighborhood 
Vk C Vk of Now the open affinoid Vk XgpaxSpaif' is contained in {a')^^{UK')- 
Hence we may assume Tk — Spai? and Xk — Spa^, for complete affinoid rings 
A and B. We write 



and 



pV-K' 

P*2- K'- 



■K'®K K', 
K' ®K K\ 



a 



a'. 
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and we denote the field extension K' /K hy p* : K — > K' and put q* P* ° P* = 
P2 o p* . We claim that the diagram 

Hom-"' (A, B) ^ Hom-r* {j>*A,p*B) =i: Hom-J^l^^, {q*A, q*B) 

of sets of continuous morphisms of afhnoid rings is exact. This follows immediately 
from Galois descent of if-algebras. Namely, the iC'-morphism (a')* : A (E)k K' — > 
B ®K K' of afhnoid rings descends to a if-homomorphism a* : A — > B of ordinary 
if-algebras. It suffices to explain that this homomorphism is in fact a continuous 
morphism of affinoid rings. But the fact that a* is compatible with rings of integral 
elements follows immediately from the construction of the afhnoid tensor product. 
The injective map B — > B®kK' is strict (|12], 2.3.33 (ii), resp. pj, 2.2.15 (u)). 
Hence a* is continuous. This means that 

In particular, Hk = {'^r' /r{Xb.')^)k, and we claim H = '^ri / r{Xr:)^ . 

By proposition 12.5.41 V^r' / R{Xii^)^ is i?-flat and H C ^^w /r{Xr,)^ is a closed 
subspace. Let (Yj)jgj be an open afhnoid covering of '^r' /r{Xri)^ , and let j S J. 
Then Oy^ (Yj) is flat over R. The intersection K, ni/ is a closed subspace of Y,-. Now 
the _R-flatness of Oy^ (Yj) allows us to conclude YjOH = Yj from {YjnH)^ = {Yj)K 
for all j £ J, hence H ~ ^r' /r{Xr')'^ . Finally, proposition 12.5.41 yields the 
smoothness of ^r' /r{Xr/)'^ . □ 

In analogy to [3], section 2, we may now deduce the following result from what 
we have proven so far. 

Corollary 2.5.6. Let Xk be a smooth adic space over SpaK with adic Neron 
model Xr over Spai? and let K' / K he a tamely ramified field extension, such 
that Xk' '■— Xk XSpaK Spaii'' admits an adic Neron model Xr' over Spai?' with 
property (P). Then Xr is isomorphic to the adic closure of Xk in '^r/ /r{Xri). 

3. Weil restriction of Berkovich spaces 

3.1. The affinoid case. In this section let K he a, field, which is complete with 
respect to a non-archimedean, non-trivial valuation | • | . 

The following definition is a generalization of the notion of the spectral value of 
a monic polynomial with coefficients in a (strictly) X-affinoid algebra. 

Definition 3.1.1. Let A be a X-affinoid Banach algebra and consider a polynomial 

p{z) = z" + ciz""i + . . . + c„ e A[z\. 

If p denotes the spectral radius on A, a{p) ;= maxi=i^...^„ p(ci)^/' is called the 
spectral value of p. 

Lemma 3.1.2. Let ip: A > B he a hounded homomorphism of K -affinoid Banach 

algebras and let B be a finite free A-module with A-basis ei, . . . , e„ € B. Write 
b = Y^^=ibi£i G B, 61,..., 6„ G B and consider the characteristic polynomial 
Xbiz) (z A[z] of b over A. Then 

P{b) = ^(xb). 

In particular, if Xfc(^) = + ciz^~^ + . . . + c„, with coefficients ci, . . . , c„ £ A 
and if r is a positive real number, then p[b) < r iff p{ci) < r' for all i — 1, . . . ,n. 

Proof. We reduce to the strictly if-afhnoid case, where the statement is true by 
lemma 1.6 in [3]. Let r = (ri, . . . ,r„) be a system of positive real numbers, such 
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that AiS^KKr and, hence, B^xKr, is strictly Kr-a.Sinoid. The vertical arrows in 
the commutative diagram 

A(E)KKr ^ B(E)KKr 

A ^B, 

are isometrics. For any 5 G -B, 

p{b) = lim v/||6"|| = lim \f\\(Jy^iy^\ = prib(§l), 

n — >oo n — >oc V 

where Pr denotes the spectral radius on B^xKr- The characteristic polynomial 
Xb®! °f over A®KKr coincides with the polynomial obtained by applying A — > 
A^KKr to the coefficients of Xb- Lemma 1.6 in [3] shows <Jr{Xbm) ~ Pri^^^), and 
we conclude TriXb^i) = o'(Xfc)- D 

Let $if be a system of if-affinoid Berkovich spaces and let h: M{B) — > M{A) 
be a finite, free morphism of rank n of $i<--affinoid Berkovich spaces. (A morphism h 
of $x-affinoid Berkovich spaces will be called free, if the associated bounded homo- 
morphism h* of fC-Banach algebras is a free ring homomorphism.) Let ei, . . . , e„ € 
B be an A-basis of B. We now construct the Weil restriction of ^ over B with 
radius r > 0, r S R with respect to the base change h. 

Let X = (cci, . . . ,Xn) and Y — {yi, . . . , ?/„) be finite systems of indeterminates. 
The characteristic polynomial of ^i'^i ^ B[X] will be denoted by xi^) ^ 

A[X][z]. We write 

x(z)=z" + ci(X)z"-i + ...+c„(X) 

with coefficients ci{X), . . . , c„(X) e ^[-'i']- For all s > 0, s e M we define 

(3.L1) A{s-'X, r-'yi, . . . , r-"y„)/(yi - ci(X), . . . , y„ - c„(X)), 

where we have used the shorthand notation "s~^X" instead of "s~^xi, . . . , s~^Xn' ■ 
If TT denotes the canonical projection from A{s~^X,r~^yi, . . . ,r~"y„) to Cg^r, we 
obtain 

p{7r{c,{X))) = p{7T{y,)) < p{y,) = 

for alH = 1, . . . , n. 

If coincides with the system of all strictly ii'-affinoid Banach algebras and 
if r e \K*\ (say r = \a\), the Berkovich space Mg ^ is associated to the rigid disc 
SpB{r~^x) over SpB with radius r. In this case, Cs,r, s = \tt'^\, A S N is also 
strictly iiT-affinoid and the iC-algebras Cs^r, C'A,{a} and the corresponding algebras 
defined by Bertapelle in [2j are isomorphic. This follows from the following simple 
fact from linear algebra: 

If 6 € _B and Ci{b) ^ A, 1 < i < n the i-th coefficient of the characteristic 
polynomial Xb{z) of b over A, then 

Ci{ab) — a^Ci{b) for all i = 1, . . . , n, and all a £ A, 

since, for the characteristic polynomial Xab{z) of ab, we find Xab{z) = a^Xb{z/a). 
Now we glue the $if-affinoid spaces M(Cs,r)- We write 

Ma{Cs,r) {z G M{Cs,r)■^x^\z < s for all i^l,...,n}. 

Lemma 3.1.3. Let r e R, r > 0. For each s > 0, Mo{Cs.r) is an open subspace of 
M{Cs,r) md there are open immersions 

for all s' > s. 
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Proof. Let s' > s. Then p{xi) < s < s' for alH = 1, . . . ,n. By [T], 2.1.5 there is a 
unique bounded homomorphism t*, ^ : C's',r — *■ Cs^r satisfying Xi i— *■ Xi and yi i— > yi 
for aU i = 1, . . . ,n. From M{Cs.r) = {z E M{Cs'.r)] \xi\z < s for aU i = 1, . . . ,n} 
it foUows that M{Cs^r) C M(Cs'^r) is an affinoid subdomain. By definition of the 
topology on M{Cs^r)i Mo^Cs^r) C M[Cs,r) is open for aU s > 0, and MQ{Cs,r) is 
isomorphic to an open subspace of Mo(Cs',f.). D 

Now we can glue the quasi-affinoid spaces Mo(Cs^r), s > 0. The result is a 
<i>if-analytic space over M{A), which wc will denote by lim MQ{Cs,r)- 

Proposition 3.1.4. With the above notations, there exists a functorial isomor- 
phism 

Proof. We only need to verify the universal property for <i>if-afiinoid spaces M{D) 
over M{A). For s > we define 

•f;-. B{r-^x) Cs,r ®aB 

by putting ^*s{x) :— Y^'j^i xjCj. By lemma [3.1.21 this is a well-defined, bounded 
homomorphism of if-Banach algebras. We set Vfs := M(\l/*) and := Ihn^^g ^'s- 
Since M{D) is compact, one can easily verify that the map 

HomM(A)(M(i?),limMo(a,,)) HomM(B)(Mp) Xm(a) M(B),B1j^J, 

s>0 

given by a I— !■ ^E* o (a X idM{B))i is a bijection. □ 

From the compatibility of Weil restriction with products we can deduce that the 
Weil restriction of arbitrary polydiscs over B exists. We formulate this result in 
the following proposition. 

Proposition 3.1.5. Let X = (xi, . . . , x^i) be a finite system of indeterminates and 
r = (ri, . . . ,rrf) a finite system of positive real numbers. Then the Weil restriction 
of 

B|^, := M{B{r-^X)) ^ M{B{r^^Xi, . . . ,r^^Xd)) 

exists, and 

d 

^M(B)/M(A){^B,r) = ^M(B)/M(A) (I^B.ri ) 

i=l 

= Ihn Mq (Es^r) , 

where we have written Es.r d^^.n- Here, M(){Es^r) is defined as follows: 

For all i = 1, . . . , d let Xi = {xn , . . . , Xin) he the system of the first n coordinates on 
Cs,ri (cf (|3.1.ip on page \17^ . We denote the open subspace of M(Es^r), on which 
the values of the coordinates Xij , i — 1, . . . , d, j = 1, . . . ,n are strictly smaller than 
s, by MoiEs^r)- 

Now we prove the compatibility of Weil restriction with closed immersions. 

Proposition 3.1.6. Let D be a ^K-o.ffinoid Banach algebra over B. Then the 
Weil restriction ^m{B)/m{A){M{D)) is a good ^x-o-nalytic Berkovich space over 
M{A). 

Proof. Let a: B(r^^X) — > D be an admissible epimorphism of X-affinoid Banach 
algebras, where X = (xi, . . . , Xd) is a finite system of variables and r = (ri, . . . , r^) 
a finite system of real numbers. We set a :— kera. Then a is finitely generated 
by [T], 2.1.3, say a = (/i, . . . , fk) for certain elements fi, . . . ,fk G B{r^^X). Let 
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ei, . . . , e„ be an ^-basis of B and put Eg^r ■= d^s,ri- For each s > we 

have the canonical maps 

B{r-^X) ^ Es,r®AB. 

For each j = 1 , . . . , fc we write 

n 

^s(/j) ~ ^ ^ fijs^ij /ijsi ■ ■ ■ ; fnjs € -£'s,r 
1=1 

and denote by a™ the ideal generated by fijs, i = 1, . . . ,n, j ~ 1, . . . , k in Es^r®AB. 
Keeping the notations from proposition 13. 1.5( we put AfoC-E's.r/a™) '■— Afo(-E's,r) H 
M{Es,r/o.f), hence 

Mo{E,^r/aT) = {z e M{Es,r/aT)\ ■ • • , < ^ for aU z - 1, . . . 

where e Es,r/<^'s° denotes the image of the j-th coordinate function Xij of the 
i-th factor Cs^n of -Es.r- Similar to the adic setting, one easily verifies that there 
exists a bijection 

HomM(A)(r,limAfo(£;.,./ar)) — ^ HomM(s)(r Xm(a) Af(B), Afp)) 

for all $if-afEnoid spaces T over Af(A). □ 

3.2. Topological properties of finite morphisms of Berkovich spaces. In 

this section we derive a few basic topological properties of finite morphisms of 
^if-analytic spaces, where will always denote a system of JT-affinoid spaces 
as defined in [5] . The proofs of lemma 13.2.11 and proposition 13.2.21 are based on a 
correspondence with V. Berkovich. 

Lemma 3.2.1. A finite morphism f: X — > Y of ^K-o-nalytic Berkovich spaces is 
Hausdorff. 

Proof. Let 2:1,2:2 G X satisfying f{xi) = f{x2) ='■ U and xi ^ X2- Then there are 
<i>-afiinoids Vi, . . . ,Vn in Y such that Vi U . . .U Vn is a neighborhood of y in Y. 
The sets Ui :— f^^{Vi), 1 < i < n have the property that 2:1, 2:2 S Ur=i holds 
and that lj"^i Ui is a neighborhood of xi and 2:2. Since / is finite, the subsets Ui, 
1 < i < n are i^T-affinoid and, in particular, Hausdorff. Then for each i ~ 1, . . . ,n 
there are open neighborhoods Vn of 2:1 and Vi2 of 2:2, such that Vn n Vi2 n Ui is 
empty. Thus ni=i J = li 2 are disjoint, open neighborhoods of the Xj. □ 

Proposition 3.2.2. A finite morphism f: X — > Y of K -analytic Berkovich spaces 
is a compact map of topological spaces. 

Proof. Let A C Y he compact, B = f^^{A). Then, by lemma [3.2.11 B is Haus- 
dorff. Let {Vi)i^i be an open covering of B. A set U C Y will be called a special 
neighborhood of y € Y, if U is contained in an open, Hausdorff neighborhood of 
y, and if [/ is a neighborhood of y, which can be written as U = Ui U . . . U C/„, 
where Ui, . . . ,Un are iiT-affinoid domains, such that y G Ui H . . . H J7„. Special 
neighborhoods are compact, and every y £ Y has a fundamental system of special 
neighborhoods. It now suffices to show: 

(*) Every y G A has a special neighborhood U' , such that f^^{U') is contained 
in the union of a finite subcollection {Vj)j^j, J <Z I of {Vi)i£i. 

Namely, we cover A by special neighborhoods Uy, y € A, satisfying property 
(*). A finite number of UyS will do, and we write A C lj[=i with special 
neighborhoods U[, . . . ,U^. It follows that there exists finite subsets Ji, . . . , Jr C I 
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such that f^^{U-) C UjeJi all * = 1, • ■ • , ''^ Hence (V^)je./i,i=i,...,r is a finite 

subcovering of {Vi)i^i which still covers B. 

In order to verify (*) we first observe that, due to the finiteness of /, for all 
y A there is a neighborhood V of the fibre f^^{y) of type V = Vi-^ U . . . U Vi^, 
ii, . . . , S /, m > 1. Let J7 be a special neighborhood of y, say U — UiU . . .U Un, 
y e UiH . . .nUn, n> I. Then f^^{U) is HausdorfF by lemma imi This impUes 
that the restrictions f\f-i(u) ■ f^^{U) — * U of / to f~^{U) are compact. Namely, 
if C C J7 is a compact subset of the Hausdorff set U, then C is closed in U, and 
the finiteness of / implies that f^^(C) can be written as a finite union of compact 
spaces in a Hausdorff space, which is again compact. The set Fn/^^(C/) is an open 
neighborhood of f^^{y) in f^^{U). But now : f~^{U) — > [/ is a compact 

map and U is compact. Hence is a closed map (cf. 6 , 10.3, Proposition 

7). Then U := U \ f{f~^{U) \V (1 f^^{U)) is an open neighborhood of y, whose 
preimage is contained in Vf^f~^{U). Since the special neighborhoods of y constitute 
a fundamental system of neighborhoods of y, we can choose a special neighborhood 
U' dU oiy, such that f-^{U') cVnf-^{U) C V = V^, U . . . U V^^. □ 

Using the canonical functor ($A'-An) — > (i^T-An) and ^,2j, lemma 1.3.7, we can 
conclude: 

Corollary 3.2.3. A finite morphism f : X > Y of^K-malytic spaces is compact. 

Corollary 3.2.4. Let f: X > Y be a finite morphism of -analytic Berkovich 

spaces. Then f is a closed map of topological spaces. 

Proof. By [2], 1.2.4 (iii), every point y ^ Y possesses a compact neighborhood 
Uy C Y . As we have seen, f^^{Uy) is compact for all y e Y. Using 6J, I, 10.1 
Proposition 3 b), it suffices to show that the restrictions 

fy: f-\Uy)-^Uy, yeY, 

of / are universally closed, and this follows from [5], I, 10.2 CoroUaire 2. □ 

3.3. A criterion for good spaces. There are two ways to glue Berkovich spaces 
from local ones. The first is to glue along open subspaces, the second is to glue along 
analytic subdomains, which are closed but not necessarily open. In the second case 
one has to require that, locally, only finitely many overlaps occur. In the first case 
this limitation does not apply. However, if we glue Weil restrictions of quasi-affinoid 
subspaces of our global object, we cannot expect a criterion for the representability 
of the Weil restriction for the non-good case. Hence, we treat the good and the 
non-good case separately. 

Let h : S' — > 5* be a finite and locally free morphism of <I>if -analytic Berkovich 
spaces and let U' C S" be an open ^-analytic subdomain. Then U :— S\ h{S' \ U') 
is open in S. If we know that t/ is a ^-analytic subdomain, then it is clear that U 
represents dXs' /s{U'). For example, this is the case if we assume $ to be dense. 

Lemma 3.3.1. Let be a dense system of K-affinoid spaces. Let X' be a ^k- 

analytic Berkovich space over S' and let h : S' — > S be finite and locally free. 
If /s(X') can be represented by a ^K-analytic Berkovich space over S, then, 
for all open subspaces U' C X' , Dls'/siU') is an open subspace of d\s' /s{X')- In 
particular, the Weil restriction of quasi-affinoid K -spaces exists. 

Proof. We set T ms'/s{X') and T' ■.= T Xs S'. Then U' Xx' T' is isomorphic 
to an open subdomain W' of T' and 

by the compatibility of Weil restriction with base change. □ 
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Theorem 3.3.2. Let ^ be a dense system of affinoid K-spaces, {X' , A' ,t') a 

analytic Berkovich space and let h: S' > S be a finite free morphism of ^k- 

affinoid spaces. Assume that for all finite subsets I C X' there exists a ^-affinoid 
subdomain U' C X' , which is a neighborhood of I in X' . Then ^Rs' /si^') a good 
^K-malytic Berkovich space over S. 

Proof. By assumption, X' is good. Hence, {Uv)veT' is a covering of X' , where we 
denoted the interior of V e r' by Uy. By lemma l?.3.1[ all functors /g{Uv), 
V G t' are representable, and we obtain a $/f-analytic space by glueing the 
representing ^i^-analytic spaces along the canonical glueing data. Also, the canon- 
ical S-morphisms dig/ /s{Uv) Xs S' — > Uv, V £ 9' glue to an S'-morphism 
mxsS' — > X'. 

We eventually prove that ^E* defines a bijection 

9: Homs(Z,Sn) — > Yioms'{Z Xs S' ,X') 
a I — > \1> o (a X ids/) 

for all iC-affinoid spaces Z over S. 

Let a': Z Xs S' — > X' be an S"-morphism. Then p: Z Xs S' — > Z is finite. 
Hencep~^(z) is finite, and there exists a if-affinoid neighborhood 14 of a'(p~^(z)) in 
X'. In particular a'{p~^{z)) is contained in Uv^, and Wz := ^zxsS'/z{{(i')~^{UvJ) 
is an open neighborhood of z in Z. Given the restriction a'^ : Wz Xs S' — > Uv^ of 
a', there is a unique S-morphism Oz ■ Wz — > '^S' /siUy^) satifying a'^ — '^v^ ° [az x 
ids')- The family {Wz)z£Z yields a covering Z, along with morphisms Oz ■ Wz — > 
^S' /s{Uv^)- It is immediate to see that the morphisms agree on overlaps, and, 
hence, yield an S'-morphism a: W — > Z, which satisfies 0(a) = a' . 

In the same way the injectivity of can be proven. Let z G Z. Due to property 
(P) there exists a y G t' such that 

Q{a^){p-\z)) = Q{a2){p-\z))(zUv 

and we set W := '^zxsS' /z{®{0'i)^^{Uv))- Then W is an open neighborhood of z 
in Z . By definition of W , 

B(ai)|vi/xsS' = 0(a2)|vi/xsS' 

factors through Uv C X' . We claim that ai\w and a2\w factor through ^is' /s{Uv)- 
Let w gW and let L be the completion of the residue field in w. We denote the 
canonical morphism M{L) — > Z^kL again by w. Then by [5], 1.4, p~^(w) is 
homeomorphic to the <i>L-analytic space M{L) Xs^ 5*^, where Sl ■= S^kL and 
S'l^ :— S'®kL. Let V' E t' such that ai{w) £ Vis' /s{Uv')- From the representabil- 
ity of ^s'^/SLi^V'^KL) it follows that 

ai.^ := ai o w: M{L) — > -^s' /s{Uv')®kL = d\s'^/ Sl{Uv'®kL) 

induces an S'^-morphism 

a'l^^ : M(L) Xs^S'^^ Uv^kL 

of <l>i-analytic Berkovich spaces. By definition of ^E*, a[ ^ and (8(ai)®idL) o 
{w X idsj^) coincide, and a[ factors through {Uv H Uv)®kL. Again, from the 
represent ability of '^s'^/Sl{^v'®kL) it follows that ai,w already factors through 
^S^/Si ((t^v n Uv)'S!)kL) C d\s' /s{Uv)®kL. Hence, the image of ai\w is con- 
tained in 9^s'/s(t^v)- Moreover, a2{W) C dXs' /s{Uv)- But then, similarly as in 
the proof of theorem 12.3.31 we can conclude ai — 02- □ 
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3.4. A criterion for not necessarily good space. In order to deal with non- 
good spaces, we now need to glue along closed ^-analytic domains. For this it is 
again necessary to determine the Weil restriction of a closed ^-analytic domain V, 
which is already contained in the base S". Since h is an open map, W := S\h{S'\V) 
is a closed subset of S. Once we can show that this subset has the structure of 
a <i>if-analytic space, it is clear that W represents the Weil restriction of V with 
respect to h. In the following we only deal with the case where consists of all 
_ftr-affinoid spaces. 

Lemma 3.4.1. Let h: S" — > S be a finite and locally free morphism of K -analytic 
Berkovich spaces and let V <Z S' be a closed K -analytic subdomain of S' . Then 
W :— S\ h{S' \ V) is a closed K -analytic subdomain of S . 

Proof. It suffices to prove that W is analytic. For this we may assume that both S 
and 5" are affinoid and where h is finite and /ree, i.e. on global sections we have a 
finite and free morphism of rings. Furthermore, we may assume that y is a special 
domain in 5'. 

We now reduce to the case where S, S' and V are strictly iiT-analytic. There 
exists a finite system r of positive real numbers, such that S®KKr (and, hence, 
S'®KKr) and V^xKr are strictly i^r-analytic. Consider the cartesian square 

S'®KKr — ^ S®KKr 



S' ^S. 

Then 7r~^(VF) consists of all those points in S^kK^ whose /I'-fibers are contained 
in V®KKr- 

Assume our claim is true in the strict case. Then 

W := S®KKr \ h'{S'®KKr \ V®KKr) 

is an analytic closed subset of S^xKr- Then, using 2.4, W' can be written as 
a finite union of rational domains. From the proof of 0, 2.4 it follows that then 
also W can be written as such a finite union of rational domains. Hence C S" is 
analytic. 

It remains to verify the claim under the assumption that S*, S' and V are strictly 
if-affinoid. Consider the commutative diagram 

M{B) — ^ M{A) 



SpB— ^SpA 

The finiteness of h yields ly n Sp ^ = W^, where we have set 

:= Sp A \ /io(Sp B \ n Sp B)). 

Since F n SpB C SpS is admissible open and quasi-compact, W <Z SpA is also 
admissible open and quasi-compact by 3 , 1.12. Consider the functor X i-^ Xq, 
sending a strictly i^-analytic Hausdorff space X to its set Aq of rigid points (which 
can be canonically endowed with the structure of a rigid -fC-space, cf. 1.6). 
By [2], 1.6.1, the functor A ^ Aq is fully faithful and induces an equivalence 
of categories between the category of paracompact strictly A-analytic Berkovich 
spaces and the category of quasi-separated rigid A-spaces which admit an admis- 
sible covering of finite type. In particular, associated to W there is a A-analytic 
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Berkovich space X such that ~ W . For all K-aSmo\A Bcrkovich spaces Z we 
have equations 

YloTa.M(A){Z,X) = HomspA(^o, VF) 

= HomspB(Zo XspA SpB, Vb) 
= HomM(i3)(^ Xm(a) M(B),V) 

= ^M{B)/M(A){y){Z). 

By construction of X (cf. proof of theorem 1.6.1 in [2]) and by lemma 1.6.2 (i) in 
[2] we see that X C M{A) is a closed analytic subspace. First we want to show that 
X represents Vi.M{B)/M{A){y) for the category of all A'-analytic Berkovich spaces. 
After that it only remains to check W — X m order to finish the proof. 

Let Z be a X-analytic space over S. We have seen that dXs' /S'(^) is representable 
by X for the category of strictly if -analytic spaces over S. Hence, if Z is strictly 
if-analytic, a morphism Z Xs S' — > S' factors through V C S' ii and only if 
Z — > S is contained in X. 

If Z is not strictly X-analytic, there exists a X-affinoid field Kr, such that 
Z^xKr is strictly iir,.-affinoid. A morphism Z — > S factors through AT C S" if 
and only if Z®KKr — * S®KKr factors through X^xKr- The latter is equiv- 
alent to the fact that {Z xg S')®KKr — > S'®KKr factors through V^kK^, 
since X^xKr represents '^s'i^kK^/ s^KK^^^KKr) for the category of strictly 
i^r-analytic spaces. Finally, this last statement is equivalent to the statement that 
the image of Z X5 S" — > S' is contained in V . Thus X represents 'tRs'/si^) for 
the category of all AT-analytic spaces over S. If we regard a point a; € S" as an 
M(L)-valued point of S^kL, where L is again the completion of the residue field 
at X, the representability of D\s'/s{V) by X yields that x is contained in X iff 
h~^{x) is contained in V, hence W = X. □ 

By replacing "open AT-analytic domain" by "closed if-analytic domain" in the 
proof of lemma 13.3.11 and by using lemma 13.4.11 instead of corollary 13.2.41 we can 
conclude: 

Proposition 3.4.2. Let h: S' — > S be a finite and locally free morphism of K- 
analytic Berkovich spaces. Let {X' , A' ,t') be a K -analytic Berkovich space over S' 
and let U' C X' he a closed K -analytic domain in X'. Assume ^g{X') is repre- 
sentable by a K -analytic Berkovich space over S. Then y\g,/g{U') is representable 
by a closed K -analytic domain of D\gr ^s{X'). 

Theorem 3.4.3. Let h: S' — > S be a finite free morphism of K-affinoid Berkovich 
spaces. Let (X' , A' ,t') be a K -analytic Berkovich space over S' such that t' is 
locally finite. Assume that for all finite subsets L d X' there exists a V ^ t' such 
that L <zV . Then y^gt / s{X') exists. 

Proof. By assumption and by the compactness of V, {W € r'; D F ^ 0} is 
finite for each V S r'. For every V € t' the Weil restriction ^s'/siV) exists, cf. 
proposition 13 . 1 . 6l If ly £ r', then n y C is a closed AT-analytic domain. By 
proposition 13. 4. 2I the Weil restriction yigi / g{W C\ V) is a closed if-analytic domain 
of ^s'/s{y)- The set {W S r'; ^s'/s{W n 0} is finite. Then the if-analytic 

spaces fH5//5(y), V ^ t' can be glued to a if-analytic Berkovich space 9^, which 
then has a covering by closed if-analytic domains Ry :— 9^5/ /5(y), V ^ t' . 

We now consider the net of all domains C 5H, which admit a y G r' such that 
W C Rv and which correspond under the isomorphism y\gifg{V) — > Ry to an 
affinoid domain in / g{V). In particular, each point a; G 9^ has a neighborhood 
Wi\J . . .yjWn, X eWif] . . .f]Wn such that Wi C Rvi for alH = 1, . . . , n. It follows 
that i?Vi U . . . U Rv„ is a neighborhood of x in 9^. Hence {Rv)v£t' is a quasi-net on 
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m. By [2], 1.3.2, the canonical morphisms *y : 9ls' /siV) ^ S S' — >V C X',V €t' 
induce a morphism 5* : 9^ x § 5' — > X' . Now let Z be a if-affinoid Berkovich space 
over S. Similarly to the proof of theorem 13.3.21 we now show that 

6: Homs(Z,fn) — > Horns- (Z x 5 5", X') 
a I — > 4' o (a X ids') 

is a bijection. 

Let a' : Z' — > X' be an 5"-morphism, let x E Z and let p : Z' — > Z denote the 
projection onto the first factor, where Z' := Z Xs S' . Then there exists a T4 € r' 
containing a'{p~^{x)) such that p~^{x) C (a')~-^(14), this means that x is an ele- 
ment ofWx ■= 5Kz'/2((a')~^(14)). By lemma [^4.1l we know that {Wx)x£Z is a cov- 
ering of Z by closed ii'-analytic domains in Z. Since Z' is compact, {{a')~^{Vx))x&z 
and, hence, {Wx)xez admits a finite subcovering. Thus {Wx)xgz is a quasi-net on 
Z. Restricting a' to Wx X5 S" c 2'', we obtain S'-morphisms 

ax-. Wx~-^ms'/s{Vx)^m. 

Using proposition 13 . 4 . 2} the agree on the intersections 

WxHWy^ mz'/z{ia)-\Vx n Vy)) 

for all x,y E Z and thus, according to [2], 1.3.2, give rise to an S-morphism a: Z — > 
91 satisfying o (a x ids') = a' ■ 

Now consider 5- morphisms ai, 02 : Z — > d\ such that 

a' = V]/ o (ai X ids') = 5* o (02 x ids'). 

Let X E Z. Then there exists an affinoid Vx E t' such that a'{p^^{x)) C Vx- It 
follows that Wx := 9^z'/z((a')~^(^)) is a closed ii'-analytic domain in Z, which 
contains x. Since both oijiv^ and ci2|wx factor through dls' /si^x), we obtain, in 
the same manner as in the proof of theorem [3321 that aijvFj; = '^2\w^ holds, which 
concludes the proof. □ 



3.5. Weil restriction of non-quasi-projective schemes. Consider a finite field 
extension K' /K, where still if is a field which is complete with respect to a non- 
trivial, non-archimedean valuation. If X' is a quasi-projective if'-scheme, the Weil 
restriction /k{^') of X' exists as a X-scheme (cf. 0, 7.6/4). 

We can use our results on the Weil restriction of good Berkovich spaces in order 
to see that the Weil restriction of X' with respect to K' /K already exists as a good 
Berkovich space over K , if X' is separated and locally of finite type over K' . 

Proposition 3.5.1. Let K' / K he a finite field extension, let X' be a separated K' - 
scheme, locally of finite type over K', and let (X')*"' be the K' -analytic Berkovich 
space associated to X' . Then yij^i ^j^{(X')^"-) is a good Berkovich space over K. 

Proof. Of course, we use theorem 13.3.21 Since X' is separated, {X')^^ is a good 
Hausdorff Berkovich space over K' . Let / C X' be a finite set. Then for each 
X E I there exists an open neighborhood Ux such that the Ux, x E I are pairwise 
disjoint sets. As (X')^" is good, so is Ux- Hence, for each x E I there exists an 
affinoid neighborhood Vx contained in Ux- But then V := U^.^/ T4 is an affinoid 
neighborhood of / in X. □ 

We conjecture that 9^^' /_fs:((-^')^") is the Berkovich space associated to an alge- 
braic space over K (in the sense of [7]). 
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